Introduction
This note i.s concerned with the partial regularity of local minimizers of functionals which satisfies the so-called $p(x)-grot1$) $th$ condition, Let $\Omega\subset \mathbb{R}^{n\iota}(m\geq 2)$ be a bounded open set, and $f:\Omega\cross \mathbb{R}^{n}\cross \mathbb{R}^{nxn}arrow \mathbb{R}$ Carath\'eodory function satisfying $\lambda|\xi|^{p}\leq f(x, u, \xi)\leq\Lambda(1+|\xi|^{q})$ for all $(x, u, \xi)\in\Omega\cross \mathbb{R}^{n}\cross \mathbb{R}^{7nn}$ , (1.1) for some constants $\Lambda\geq\lambda>0,$ $q\geq p>1$ . For $u$ :
$\Omegaarrow \mathbb{R}^{n}$ , we consider the functional defined by $\mathcal{F}(\uparrow x;\Omega)=\int_{\Omega}f(x, u, Du)dx$ .
(1.
2)
The functional $\mathcal{F}$ is said to be of standard $gro\uparrow 1$) $th$ if $\cdot$ $q=p$ . When $q>p$ , it is said to be of non-standard $gro\uparrow 1J$ th or, more precisely, of $(p, q)$ -growth. As a particular case of non standard growth, we consider the following $p(x)-$ growth condition.
$\lambda|\xi|^{p(x)}\leq f(x, u, \xi)\leq\Lambda(1+|\xi|^{p(x)})$ , for all $(x, u, \xi)\in\Omega\cross \mathbb{R}^{n}\cross \mathbb{R}^{n?n}$ , (1.3) where $p(x)$ is a function defined on $\Omega$ . For $p(x)$ we assume always that $p(x)>1.$ In this note, by a technical reason, we treat only the case that $p(x)\geq 2.$ In recent years, fUnctionals and problems with $p(x)$ -growth became of increasing interest. They appear in some problems of mathematical $phy_{\fbox{Error::0x0000}};ic_{\backslash )}^{\zeta^{\backslash }}.$ For example, Zhikov [26] treated thermistor problems $n_{\grave{c})}^{1}ing$ functionals with $p(x)$ -growth, Rajagopal and RuZi\v{c}ka (see also [22] ) proposed some models of of electrorheological fluid using equations with $p(x)$ -growth term, and Acerbi and Mingione [3] other by the structures of functionaIs. Let us $con_{\grave{\iota}}^{\backslash }$ ider the following 3 types of In the sequel, we put $\eta(g, R):=1\leq\alpha,\beta\leq m\max\eta(g^{\alpha\beta}, R)$ .
Moreover, we assume the following conditions on the exponent $p(x)$ .
(H-4) The exponent $p(x)$ is bounded and satisfies $p(x)\geq 2$ . In the following we put $p_{1}:= \inf_{\Omega}p(x)(\geq 2) , p_{2}:=\sup_{\Omega}p(x)$ . quantity shall we employ¿' arises. In earlier literatures on $\rho(x)$ -growth problems, [5, 3] etc., taking $R>0$ suffciently small, the authors used the quantity $r^{-m+\rho_{2}(x,R)} \int_{B(x,\tau^{\neg})}|Dsr_{!}|^{\rho_{2}(x,R)}dy, (B(x, r)\subset B(x_{0}, R$ On the other hand, in [21] , we employed another quantity, $r^{-7n+\rho_{2}(x,r)} \int_{B(x,r)}|Du|^{\rho_{2}(x,r)}dy$ , (3.5) which enables us to use the iteration argument.
A brief skefch of the proof of Theorem 3.1.
First, we mention that, $tk$ standard $p$-growth problems, we have higher $integra_{r}$ bility result for $p(x)$ -growth case al,,$0$ : there exists a positive constant $\delta$ such that
For a fixed $x_{0},$ $choo_{c}^{\zeta_{)}}eR_{1}>()$ sufficiently small so that $(1+2\delta)\rho_{1}(x_{0}, R_{1})\geq(1+\delta)\rho_{2}(x_{0}, R_{1})$ . In order to get a similar type of decay estimate for $Du$ , we estimate $|D\iota r-Dv|.$ By $Taylor':^{\backslash }$ theorem, we have
Here, we shonld mention that $v$ is a minimizer of $\mathcal{E}_{1}$ , not of $\mathcal{E}_{2_{\rangle}}$ so the second term of the right-hand side of the above equality does not vanish. However, estimating the difference between the Euler-Lagrange equations of $\mathcal{E}_{1}$ and $\mathcal{E}_{2},$ we can obtain
Here, we also $u\backslash ,ed$ the the fact that for any 
